We introduce new three-dimensional topological phases of two-band models using the PontryaginThom construction. In symmetry class A these are the infinitely many Hopf-Chern topological insulators, which are hybrids of layered Chern insulators and the Hopf insulator. In symmetry class C, there is a Z2-classification with the non-trivial topological phase, the Hopf superconductor, being realized by a construction that doubles the usual Hopf insulator in momentum space. For these new topological phases we investigate the energy spectrum in the presence of a boundary and find gapless surface modes, confirming the validity of the bulk-boundary correspondence.
INTRODUCTION
Recently, the theoretical prediction [1] [2] [3] [4] and subsequent experimental realization [5] [6] [7] [8] of various topological phases of band insulators has sparked many research efforts. On the theoretical side, the search for candidates of topological phases resulted in the "Periodic Table for topological insulators and superconductors" [9, 10] . Given the spatial dimension as well as a set of symmetries (always including translations here) defining a symmetry class of the tenfold way [11] , it yields the number of topological phases in the stable regime, where the number of conduction and valence bands surpasses some lower bound. This lower bound was derived in [10] . Below it, there are further topological phases like the topological Hopf insulators [12, 13] in three-dimensional systems of symmetry class A (only translation invariance and particle number conservation) with one valence and one conduction band.
In this paper, we expand on these findings in two directions: On the one hand, we complete the classification of topological phases in the setting of the Hopf insulators (only a subset has been studied in [12, 13] ) leading to what we call topological Hopf-Chern insulators; we illustrate the topological invariants of these phases through the Pontryagin-Thom construction and formulate simple tight-binding models realizing many of them. On the other hand, we explore the remaining symmetry classes: In [10] it is shown that the only other symmetry class that provides additional non-trivial strong topological phases (in the general sense introduced in [14] ) beyond the stable regime and up to three spatial dimensions is symmetry class C. In this symmetry class, we prove that there is a Z 2 -classification in three dimensions. We introduce a geometric diagnostic to determine this invariant based on the Pontryagin-Thom construction and provide a tightbinding model realizing the non-trivial topological phase, which we propose to call the Hopf superconductor. * ricardo.kennedy@mailbox.org
HOPF-CHERN INSULATORS
For translation-invariant free fermions in symmetry class A, the many-body ground state of an insulator is given by assigning to each momentum the subspace of occupied states. For a two-band model with one band occupied, the occupied states are one8z-dimensional subspaces of C 2 , or equivalently points in the Grassmannian Gr 1 (C 2 ). Thus, a d-dimensional ground state in this setting is a map
where T d is the Brillouin zone torus with coordinates (k 1 , . . . , k d ) ∈ [−π, π]
d . To group these ground states into topological phases, we impose the equivalence relation of homotopy, which is short for a continuous, or adiabatic, deformation (see [10] for a discussion on different equivalence relations). Denoting the set of topological phases of ground state maps by [T d , Gr 1 (C 2 )] and specializing to the case d = 3, the set of topological phases is given by [15] [
n 0 ∈ Z for n 1 = n 2 = n 3 = 0 and
where gcd(n 1 , n 2 , n 3 ) denotes the greatest common divisor of the three integers n 1 , n 2 and n 3 . In [12] , the phase (1; 0, 0, 0) is discussed and a representative is constructed that realizes it. This result is generalized in [13] , where representatives for all topological phases of the form (n 0 ; 0, 0, 0) with n 0 ∈ Z are presented. Here, we complete these efforts by describing ground states in all phases of the set above, including those with non-zero invariants n i (i = 1, 2, 3). The latter are obtained by restricting a representative ground state to the subtorus T 2 ⊂ T 3 with k i = constant and evaluating the Chern number (= mapping degree) of the resulting map ψ i : T 2 → Gr 1 (C 2 ). For these invariants, the equivalence class containing the constant map is labeled by n i = 0. For the invariant n 0 , this choice of 0 arXiv:1604.02840v1 [cond-mat.mes-hall] 11 Apr 2016 is canonical only in the sector n 1 = n 2 = n 3 = 0, where n 0 can be reduced to the well-known Hopf invariant [16, pp. 227-239] . This sector contains the constant map corresponding to the ground state in the atomic limit, the associated phase of which we call trivial. In a sector where one of n 1 , n 2 , n 3 is non-zero, the definition of the invariant n 0 is relative [17] in the sense that a reference "trivial" phase must be chosen. A natural choice from the perspective of physics (and deviating from the one chosen in [17] ) is to pick the phase containing a representative realized by a layered Chern insulator. In the following part, we show that for every set of fixed values n 1 , n 2 , n 3 there indeed exists such a representative. We choose the corresponding topological phase as the required reference phase and define its invariant to be n 0 = 0. The definition of non-zero values of n 0 requires a generalization of the Hopf invariant. We follow [17] and use the Pontryagin-Thom construction for its definition and visualization, which we introduce presently.
The Pontryagin-Thom construction and layered Chern insulators
The general form of the Pontryagin-Thom construction establishes a 1-to-1 correspondence between the set [M, S n ], where M is an m-dimensional manifold, and the set of framed cobordism classes of (m − n)-dimensional framed submanifolds of M . Given a differentiable map ψ : M → S n representing a class in [M, S n ], the associated (m − n)-dimensional submanifold of M is the preimage ψ −1 (y) of some regular value y ∈ S n . A framing is the pullback of some fixed basis of the tangent space at y to a set of linearly independent sections of the normal bundle of ψ −1 (y) in M . The framed submanifold of M obtained in this way is called the Pontryagin manifold of ψ. A framed cobordism between two framed (m − n)-dimensional manifolds N 0 and N 1 is an (m − n + 1)-dimensional framed manifold N × [0, 1] with boundaries N × {0} = N 0 and N × {1} = N 1 . In [18] , it is shown that two preimages of different regular values are related by a framed cobordism, that homotopies translate to framed cobordisms and finally that for all framed (m − n)-dimensional submanifolds of M there is a corresponding map ψ realizing them as a preimage. Important examples of framed cobordisms relevant to the constructions presented in this paper are illustrated in the appendix. For more examples and a more detailed introduction to this topic, see [18] .
Since Gr 1 (C 2 ) is diffeomorphic to S 2 , we will make use of the Pontryagin-Thom construction with M = T 
is completely determined (up to cobordism) by the sign of det Dψ i (k), where Dψ i (k) is the Jacobi matrix at k. In other words, either the map is orientation-preserving (positive sign) or orientation-reversing (negative sign). This leads to the following well-known formula for the mapping degree:
where i = 1, 2, 3. For d = 3, the Pontryagin manifold of ψ is a onedimensional submanifold of T 3 . Its framing is a continuous choice of two linearly independent vectors normal to it (in other words, a pair of linearly independent sections of its normal bundle). For the purpose of visualizing such framed submanifolds, we follow [17] and equip ψ −1 (y) with an inner orientation by requiring that the two vectors of the framing together with this inner orientation result in a fixed orientation of T 3 (say, righthanded). This allows us to only show one of the sections of the normal bundle (depicted by the gray line accompanying the black lines of ψ −1 (y), see Fig. 1 ), since the other one can be reconstructed from the inner orientation (indicated by black arrows) in conjunction with the righthand rule (again, up to cobordism). Thus, a ground state can now be visualized as a picture of one-dimensional black lines with arrows, which are accompanied by gray lines determining the framing (the latter may be viewed as the preimage of another regular value infinitesimally close to y).
In the following, we show that every sector in the set of topological phases with fixed triplet of invariants (n 1 , n 2 , n 3 ) ≡ n contains a layered Chern insulator as a representative. The corresponding phase provides a natural reference phase which we define to have n 0 = 0.
The starting point for the construction of layered Chern insulators is some fixed Chern insulator with Hamiltonian H 0 (k 1 , k 2 ) and associated Chern number (mapping degree) equal to 1. For instance, we may take
with some real parameter a satisfying −2 < a < 0 (we choose a = −1 for all numerical calculations) and σ = (σ 1 , σ 2 , σ 3 ). This model represents a tight-binding model with only nearest neighbor hopping, but any other choice of H 0 with Chern number 1 can be used for the following constructions.
As it stands, H 0 has no k 3 -dependence and therefore describes a Chern insulator stacked into the (0, 0, 1)-direction. Changing this to a general direction w ∈ Z 3 , we equip the two-dimensional layers with two new hopping directions v 1 , v 2 ∈ Z 3 (replacing the original directions (1, 0, 0) and (0, 1, 0)) which satisfy 
The new k-dependence is then given by [14]
where
. If H 0 exhibits hopping elements of finite range on the real lattice, then so does H. However, the maximal hopping distance may increase in general.
We proceed by computing the triplet of invariants associated to the ground state map ψ of H. Using the fact that ψ inherits its k-dependence from H, we can use eq. (3) to determine, for example, n 3 . For this purpose, we set k 3 = 0 (or any other constant), so
where ψ 0 is the ground state map of
Assuming that ψ 0 has mapping degree 1, pick a regular value in Gr 1 (C 2 ) with preimage k 0 . Then Ak = k 0 has | det A| solutions for k ∈ T 2 and for each of these, sgn det Dψ 3 (k) = sgn det A. Thus, the mapping degree n 3 is given by
Repeating this argument for n 1 and n 2 yields
Hence, all topological phases labeled by a triplet n can be obtained by using layered Chern insulators with suitable hopping directions v 1 , v 2 (in fact, there are infinitely many possible choices). The construction above is illustrated in Fig. 1 (a) for n = (2, 0, 2) . The other 2 gcd(n) − 1 phases in a sector with fixed n and non-zero n 0 have no layered representatives and are in that sense "truly three-dimensional". For the definition of non-zero values of n 0 and the subsequent construction of tight-binding representatives realizing some of these topological phases, we again use the PontryaginThom construction. Recall that the one-dimensional preimage of a regular value is dressed by a framing, which has been constant up to this point. In general, it is possible for the framing to wind around the preimage and n 0 is defined accordingly: For any ground state map one can find a homotopy such that the preimage of a regular value y ∈ Gr 1 (C 2 ) coincides with that of the layered representative of the corresponding sector with fixed n, up to a winding in the framing [17] (equivalently, a given preimage may be deformed using framed cobordisms to the preimage of the layered representative, up to a winding in the framing). Let the connected components of the Pontryagin manifold after this homotopy be indexed by i and define n i 0 to be the winding number of the framing of the i-th component following its inner orientation. Then the invariant n 0 is defined by
This winding number may be viewed as a generalization of (the infinitesimal version of) the linking number [16] for maps S 3 → S 2 , the famous Hopf map having a linking number of 1. It was first shown in [15] (and illustrated in detail in [17] ) that n 0 is defined only modulo 2 gcd(n) (note that in [17] the definition of n 0 is offset due to a different choice of reference phase with n 0 = 0). We illustrate this property for n = (0, 0, 1), where 2 gcd(n) = 2 and consequently there exist cobordisms deforming a frame winding n 0 = 2 to n 0 = 0, see Fig. 2 .
In order to construct a tight-binding Hamiltonian for one of the 2 gcd(n)−1 truly three-dimensional topological phases in a given sector n, we again start with a reference HamiltonianH 0 similar to the one introduced in eq. (4). Denoting by R(α) ∈ SO 3 the rotation matrix around the third axis by an angle α ∈ [−π, π], we definẽ
The ground state mapψ 0 ofH 0 represents the topological phase (1; 0, 0, 1). We inserted h 0 from eq. (4) in order to give a concrete model, but any choice of h 0 defining a ground state with Chern number (mapping degree) 1 and regular value y = C · ( 0 1 ) would work equally well. In Fig. 3(a) , the associated Pontryagin manifold ψ −1 (y) is shown, demonstrating the winding of the framing (right) as opposed to the layered phase (0; 0, 0, 1) (left).
For an arbitrary set of invariants n = (n 1 , n 2 , n 3 ), we follow the prescription leading to eq. (5) which constructs a Chern insulator stacked into the n-direction. However, since the starting point is nowH 0 with a non-trivial dependence on all three momenta, we use an additional vector v 3 parallel to n. Since the Pontryagin manifold of the stacked representative in the sector n consists of gcd(n) connected components, we choose v 3 := n/ gcd(n) in order to obtain a winding number of 1 per component. The result of the construction is
The associated ground state mapψ is a representative of the truly three-dimensional topological phase (gcd(n); n) since its Pontryagin manifold has gcd(n) connected components each of which is equipped with a frame winding number of 1. In summary, we have constructed explicit models for two topological phases in each sector of invariants n: A layered Chern insulator representing (0; n) and a truly three-dimensional model representing (gcd(n); n) which we propose to call Hopf-Chern insulator as it may be viewed as a hybrid of Hopf insulator and Chern insulator. The Pontryagin manifolds of representatives in the remaining 2 gcd(n) − 2 phases of a given sector n require different windings for different connected components [26] , so the tight-binding model construction above does not apply immediately.
To illustrate our construction, we return to the example of the sector n = (2, 0, 2), where gcd(n) = 2 so that n 0 ∈ Z 4 . Following the outlined recipe, we augment our choice of vectors v 1 = (1, 0, −1) and v 2 = (2, 2, −2) by a third vector v 3 = n/ gcd(n) = (1, 0, 1). The resulting ground stateψ then represents the topological phase with n 0 = 2 ∈ Z 4 . Its Pontryagin manifold is shown in Fig 1(b) : There are 2 connected components with a winding number of 1 each.
Boundary of a Hopf-Chern insulator
For the purpose of numerically investigating the bulkboundary correspondence, we return to the simplest example given by the topological phase (1; 0, 0, 1). A Hamiltonian realizing this phase was introduced in eq. (10) (note that the construction described above also applies in this case with (v i ) j = δ ij ). We introduce boundaries by using partial inverse Fourier transformations (see [25] ) and subsequently truncating the hopping Hamiltonian. This effectively puts the system on a slab geometry with two (infinitely extended) surfaces where two independent momentum coordinates remain good quantum numbers. In particular, we investigate boundaries perpendicular to the three directions (1, 0, 0), (0, 1, 0) and (0, 0, 1) and compare the results with the layered Chern insulator of the (0; 0, 0, 1)-phase, see Fig. 3 .
For the latter, boundaries in the (1, 0, 0) and (0, 1, 0) produce Dirac "valleys" in the spectrum and in particular the energy gap closes. This comes as no surprise, since the layered Chern insulator has no k 3 -dependence and its boundary spectrum is simply the one obtained in a two-dimensional strip geometry copied along the (0, 0, 1)-direction. The spectrum for the Hopf-Chern insulator in the phase (1; 0, 0, 1) with HamiltonianH 0 is similar in these cases, see Fig. 3(b) . However, a sharp distinction emerges with a boundary orthogonal to the (0, 0, 1)-direction. For the layered Chern insulator, the spectrum is simply that of a twodimensional Chern insulator with a degeneracy equaling the number of layers. Thus, by definition, the energy gap does not close, since otherwise the uncoupled layers would not be insulators in the first place. In contrast, the spectrum of the Hopf-Chern insulator shows a ring of zero modes similar to the one shown in [12] for the Hopf insulator, demonstrating its inherent three-dimensional nature and the apparent applicability of bulk-boundary correspondence.
THE HOPF SUPERCONDUCTOR
The Hopf-Chern insulators discussed in the previous part reside in symmetry class A. In this section, we turn our attention to symmetry class C in three dimensions, realized for instance by spin-singlet superconductors. We consider the case of a superconductor formed from a single band with annihilation operators γ k = u(k)c † −k,↓ + v(k)c k,↑ . Thus, the subspace of annihilation operators defining a ground state [10] is 1-dimensional in this case, leading again to the target space Gr 1 (C 2 ). However, the canonical anti-commutation relations impose a relation between annihilation operators at ±k, so all ground state maps need to be Z 2 -equivariant [10] . The set of topological phases in this case is denoted by [T 3 , Gr 1 (C 2 )] Z2 . On T 3 , the Z 2 -action is generated by k → −k and on the Grassmannian Gr 1 (C 2 ) it happens to be trivial. The latter is a peculiarity of the restriction to a single band and in general the Z 2 -action is non-trivial with its generator fixing the points of a subset Sp 2n /U n ⊂ Gr n (C 2n ). In [14] we showed that the set [S 
Importantly, the bijection holds for all band numbers, so in particular beyond the stable regime. In symmetry class A, which can be included in the equivariant setting with trivial Z 2 -actions, this bijection is between the subset with invariants (n 0 ; 0, 0, 0) investigated in [12] and [13] (in these works, the triviality on subtori T 2 ⊂ T 3 is checked explicitly) and [S 3 , Gr 1 (
, it is shown in [10] that among all symmetry classes -besides the Hopf insulators in class A -only symmetry class C provides an additional topological phase beyond the stable regime. In fact,
For n > 1 the stable classification holds [10] and the corresponding entry in the Periodic Table shows that there is only the trivial topological phase. For n = 1, a separate treatment is required, for which we will make use of some concepts from homotopy theory (for an introduction, see e.g. [24] ). Since the Z 2 -action for n = 1 is trivial on the target space Gr 1 (C 2 ) = S 2 , a ground state map ψ satisfies ψ(k) = ψ(−k). We may discard this equivariance condition by replacing S 3 with the quotient S 3 /Z 2 = ΣS 2 /Z 2 = ΣRP 2 , where Σ denotes the suspension:
Since the map f :
(where φ is the angle coordinate) has a mapping cone C(f ) = RP 2 , there is an associated long exact Puppe-sequence [24, p. 398] containing the following part:
The first map is (Σ 2 f ) * , followed by (Σp) * , where p :
The third map is (Σi) * induced by the inclusion i : S 1 → C(f ) and the last map is (Σf ) * . Using Σ n S 1 = S n+1 the sequence simplifies to
The homotopy group π 3 (S 2 ) is isomorphic to Z and classified by the Hopf invariant. Similarly, π 2 (S 2 ) Z is classified by the mapping degree. Since f doubles the angle of S 1 , the induced maps (Σ 2 f ) * and (Σf ) * are simply multiplication by 2 on Z. Exactness then leads us to the result
The derivation presented here immediately delivers representative ground states realizing the non-trivial phase.
A representative of a class in π 3 (S 2 ) Z with odd Hopf invariant is mapped to a representative of the non-trivial element of Z 2 via (Σp)
* . The result is a map that is constant on the subset ΣS 1 ⊂ ΣC(f ) = ΣRP 2 . From this representative, we now retrace the steps of removing the equivariance condition as well as replacing T 3 by S 3 in order to obtain an equivariant map ψ : T 3 → Gr 1 (C 2 ). The sphere S 3 = Σ 2 S 1 corresponds toĨ 3 /∂Ĩ 3 , whereĨ 3 is half of I 3 , defined by e.g. k 1 ≤ 0. We first lift the map with odd Hopf invariant to a map with domainĨ 3 , which is constant on ∂Ĩ 3 . Then, we reinstate the equivariance condition by extending to the entire cube I 3 according to the rule ψ(k) = ψ(−k). Finally, we interpret the resulting map as a map from T 3 . Importantly, in the step reinstating the equivariance condition the odd Hopf invariant we started with is reversed on the other half of the domain, so the total Hopf invariant is 0. Because of the prominent role of the Hopf invariant in the construction of this non-trivial topological superconductor, we call this phase the Hopf superconductor. Its construction resembles that of time-reversal invariant topological insulators in two-dimensional systems of symmetry class AII, where non-trivial representatives may also be created by doubling representatives with odd Chern numbers such that the total Chern number vanishes.
The representative constructed in the previous paragraph is the ground state of Hamiltonians with terms connecting all sites of the real space lattice, albeit with amplitudes decreasing exponentially with distance. For the purpose of finding a tight-binding model that realizes the Hopf superconductor phase with only a finite hopping range, we use the freedom of homotopy to alter this representative. Thus, consider the following Bogoliubov-de Gennes Hamiltonian:
This Hamiltonian resembles the ones introduced in [12] and [13] for one half of the Brillouin zone (k 1 ≤ 0) with its point-reflected partner on the other half (k 1 ≥ 0). An associated Pontryagin manifold of its ground state is shown in Fig. 4 . Although the ground state map is not constant on the subtorus defined by k 1 = 0, the figure shows that the Chern number of its restriction vanishes (the preimage for k 1 = 0 is the empty set). Since two-dimensional symmetry class C ground states are classified by their even Chern number -often written as an entry 2Z in the Periodic Table - the restriction is equivariantly homotopic to the constant map.
Z2 invariant
In this section we introduce a general procedure of determining the Z 2 -invariant of a three-dimensional class C superconductor with two (quasi-)bands. Given any (differentiable) Hamiltonian in this setting, this will provide a way to conclude whether or not the associated ground state ψ is in the Hopf superconductor phase. Due to the constraint ψ(−k) = ψ(k), the associated Jacobi matrix satisfies
Three important properties of the preimage ψ −1 (y) (where y is regular as usual) can be deduced from this:
1. Points with k = −k are never contained in ψ −1 (y).
2. Two points ±k with k = −k are either both contained in ψ −1 (y) or none of them is.
3. If ±k ∈ ψ −1 (y), then k and −k lie in different connected components.
The first statement follows from eq. (18) together with the assumption that y is regular. The second statement is an immediate consequence of the equivariance condition ψ(k) = ψ(−k). For the third statement, let ±k ∈ ψ −1 (y) and thus k = −k. If both points ±k were to lie in the same connected component of ψ −1 (y), then there would be a connecting path γ : [−1, 1] → ψ −1 (y) with γ(±1) = ±k and tangent vectors γ (t) that do not vanish for any t. Furthermore, γ (−1) = −cγ (1) for some constant c > 0 due to eq. (18) . The framing of ψ −1 (y) along γ is given by two linearly independent vectors u 1 (t), u 2 (t) orthogonal to γ (t) which obey the relation u i (−1) = −u i (1) again due to eq. (18) . The triplet of vectors {u 1 (t), u 2 (t), γ (t)} therefore has opposite orientations at t = ±1, so there has to be some t 0 ∈ [−1, 1] where the three vectors become linearly dependent, contradicting our assumptions. Thus, the two points ±k have to lie on different connected components.
In other words, all connected components of ψ −1 (y) come in pairs. This fact provides a definition of the Z 2 -invariant in the present context: Let the pairs of connected components be indexed by i = 1, . . . , m and let the frame winding number of one of the components in pair i be ν i . Then the invariant ν ∈ Z 2 is given by
In particular, the ground state associated to the Hamiltonian in eq. (17) has Z 2 -invariant ν = 1, since y can be chosen such that m = 1 and ν 1 = 1, see Fig. 4 . Note that in the non-equivariant setting of symmetry class A, the two connected components with opposite frame winding could annihilate: First, form a single connected component using the cobordism in Fig. 8 which then vanishes by the cobordism of Fig. 7 . However, in symmetry class C this annihilation would have to occur at a point with k = −k, which cannot happen because these points are excluded from preimages of regular values (also, only even numbers of connected components are permitted).
On the other hand, if m = 1 with ν 1 = 2, the Z 2 -invariant is ν = 0 and thus trivial. This is illustrated in Fig. 5 : The pair of connected components with frame winding ±2 can be split via an equivariant framed cobordism into two pairs (so four in total) with frame windings ±1 respectively. These can then mutually annihilate away from points with k = −k. Using these two insights, the general nature of the Z 2 -invariant becomes evident: The m pairs of connected components with frame windings ν 1 , . . . , ν m of a general Pontryagin manifold can be merged into a single pair with windings ± i ν i by repeatedly applying the cobordism of Fig. 8 . If i ν i = 0, then the two constituents may be annihilated individually. Otherwise, if i ν i is even, then a pair with windings ±2 can be split off and annihilated according to the procedure outlined previously (and illustrated in Fig. 5 ). Iterating this process, a framed cobordism to the empty set is found, thereby establishing a deformation to the trivial phase (containing the constant ground state map of the atomic limit). On the other hand, if i ν i is odd, the process terminates at a single pair of components with windings ±1, which cannot be reduced any further.
Boundary of a Hopf superconductor
We use the same procedure of introducing boundaries as for the Hopf-Chern insulators from the previous part of this paper. As to be expected from the principle of bulkboundary correspondence, the spectrum with boundary is gapless (see Fig. 6 ). Apart from some modifications to ensure equivariance, the main construction step of the Hopf superconductor Hamiltonian in eq. (17) is a doubling of the Hopf insulator models used in [12] and [13] . Since we chose the k 1 -direction for this purpose, the spectrum with boundary transverse to this direction resembles two copies of the one obtained in [12] : For a boundary orthogonal to (0, 0, 1), there are two rings of zero modes (Fig. 6(c) ) while for one orthogonal to (0, 1, 0) there are two Dirac cones (Fig. 6(b) . With a boundary orthogonal to the (1, 0, 0)-direction however, a novel spectrum is obtained where the gap closes along two intersecting rings, see Fig. 6 (a). The features of the Fermi surfaces change for other representatives in the Hopf superconductor phase obtained by applying homotopies to H SC that leave the bulk gap open, but the fact that the gap closes when a boundary is present seems to be robust. A general proof of bulkboundary correspondence, for which a lot of progress has been made in the stable regime [19] [20] [21] [22] , would be desirable in this context. An approach that is valid outside the stable regime has been given in [23] , but only for nearestneighbor hopping Hamiltonians, excluding the Hopf superconductor and all Hopf-Chern insulators.
DISCUSSION
The restriction to two-band models required for the topological phases discussed in this paper deserves justification. For the Hopf superconductor, being described from the start by an effective theory (BCS theory), the consequences presented here (gapless surface modes) persist as long as this effective description is valid. In a similar vein, the two-band description leading to HopfChern topological insulators and the accompanying phenomenology is only valid if there is an energy gap to any further valence or conduction bands such that there is no significant hybridization. The precise meaning of "significant" is a subject of further research.
Another point worth discussing is the robustness of the presented topological phases to disorder. First numerical results indicate that the closing of the energy gap is indeed a robust feature in the presence of translationinvariance breaking disorder, in agreement with the findings in [13] . However, as emphasized in [13] , the nature of the zero modes may change from extended to localized after introducing disorder.
CONCLUSION
We introduced novel topological phases of gapped, translation invariant, two-band free fermion systems in symmetry classes A and C. These phases occur in three spatial dimensions and they lie outside the scope of the Periodic Table of topological insulators and superconductors. In class A, these are the infinitely many Hopf-Chern topological insulator phases which are truly 3D phases that can be thought of as a combination of layered Chern insulators and Hopf insulators. In class C, there is only one non-trivial topological phase, the Hopf superconductor, which is a superconducting cousin of the Hopf insulator. We have introduced geometrical diagnostics for all of these novel phases and for a large subset of them we were able to provide simple tight-binding Hamiltonians, whose energy spectra we investigated in the presence of a boundary. In all cases we found these spectra to be gapless, hinting at a form of bulk-boundary correspondence valid beyond the stable regime. In this part, we illustrate some important examples of framed cobordisms in the setting of one-dimensional framed submanifolds. This setting is relevant for the case of maps T 3 → Gr 1 (C 2 ) S 2 describing symmetry class A insulators in three spatial dimensions.
First and foremost, all continuous deformations of the submanifold or its framing are cobordisms. However, there are more possibilities, as shown in Figs. 7, 8 and 9. For illustrations of the cobordisms with boundaries as displayed in these figures, we refer to [17] .
